Abstract. We study the stability of the vortex in a 2D model of continuous compressible media in a uniformly rotating reference frame. As it is known, the axisymmetric vortex in a fixed reference frame is stable with respect to asymmetric perturbations for the solution of the 2D incompressible Euler equations and basically instable for compressible Euler equations. We show that the situation is quite different for a compressible axisymmetric vortex in a rotating reference frame. First, we consider special solutions with linear profile of velocity (or with spatially-uniform velocity gradients), which are important because many real vortices have similar structure near their centers. We analyze both cyclonic and anticyclonic cases and show that the stability of the solution depends only on the ratio of the vorticity to the Coriolis parameter. Using a very delicate analysis along with computer aided proof, we show that the stability of solutions can take place only for a narrow range of this ratio. Our results imply that the rotation of the coordinate frame can stabilize the compressible vortex. Further, we perform both analytical and numerical analysis of stability for real-shaped vortices.
Many flows in oceans and atmospheres are approximately two-dimensional. The vortex structures are their characteristic feature. Two-dimensional vortices also play an important role in tokamak-confined plasmas [61] as well as in astrophysical situations such as accretion discs of neutron stars [28] . Although the vortex dynamics can be complicated, it is natural to begin with the study of certain elementary processes. One example is the stability of isolated circular free vortices in rotating fluids. Their stability/instability properties are of fundamental interest for refined models of general atmospheric circulation due to the presence of strain and shear in the ambient flow.
The vortex motion is traditionally considered in incompressible media. The theory of such motion, going back to the classical works of Helmholtz, Gröbli, Kirchhoff, Rankin, Greenhill, Taylor, Poincaré, has a huge literature (see, e.g. [39] , for a modern state-of-art [26] , [15] , [19] ). Stability of the vortex is the most classical issue. It can be understood in many different ways [35] , [15] , [57] , [21] , [31] , [29] . Numerical models demonstrate that there is a broad class of geophysical vortices freely evolve toward axisymmetric states. This intrinsic drive toward symmetry opposes the destructive shearing from the environmental flow [55] . Moreover, as it is shown in [53] , the axisymmetric form of the vortex is stable with respect to asymmetric perturbations for the two-dimensional inviscid flow.
Nevertheless, the vortex motion in compressible media is also very important both theoretically and practically. Let us show this by example. It is well known that the processes of convergence and divergence of the air flows play an important role in the atmosphere dynamics. Therefore, if we average over the height the original tree-dimensional system of equations for dynamics of the air (using the fact that the horizontal scale is much larger than the vertical one), the resulting two-dimensional model should be compressible in order to reflect the processes.
The earliest results concerning vortices in the compressible fluid were obtained by Chree [16] in the meteorological context. A good review of further works on 2D compressible vortices emphasizing experimental aspects can be found in [6] . In [17] , authors present analytical solutions for the reduced system of equations corresponding to free compressible viscous vortices and compare their results with numerical solutions of the full system of equations as well as experiments. In [38] , [13] , authors discuss different situation of instability in an inviscid compressible media. There exist works, where a linear analysis of stability of compressible vortex was performed in various setting, see [22] , [30] , [54] , [12] , [40] , [27] and references therein. In [4] , [14] , [1] steady compressible vortices were constructed using hodograph plane transformations. Mathematical analysis of self-similar isentropic non-rotational 2D Euler system including shock wave structure can be found in [65] , see also references therein. In particular, there a non-steady solution corresponding to axisymmetric vortex was obtained.
In the present paper we study the effects of compressibility for a special class of solution of the Euler equations given on a plane rotating with a constant angular velocity. This is a class of solution with spatially-uniform velocity gradients known from Kirchhoff. This class of solution has many outstanding applications, for example, the flow of an ideal homogeneous incompressible fluid inside a triaxial ellipsoid [33] , the theory of the motions of solids with cavities filled with a fluid, and the theory of fluid gyroscopes in the field of Coriolis forces [19] .
In the incompressible case the Kirchhoff vortex is known to be an analytical solution of the two-dimensional Euler equations (see [33] ). This vortex shows a steady rotation without changing its shape. This solution provides a possibility for constructing the vortex patch ‡.
We consider the solution with spatially-uniform velocity gradients for isentropic compressible Euler equations in a rotating coordinate frame. In this case, the only possible "Kirchhoff vortex" with constant vorticity ω is axisymmetric vortex. Its nonlinear stability within the class of asymmetric motion having spatially-uniform velocity gradients is under consideration. The elliptical patch does not demonstrate solid body rotation anymore: behavior of the trajectories becomes very complicated.
As in the theory of fluid gyroscopes, the problem is reduced to a study of stability of equilibrium for a quadratically nonlinear system of ordinary differential equations in a phase space of large dimensions. In particular, a linear analysis shows that on some range of parameter ω/l, where l is the Coriolis parameter, even small break of axial symmetry in the initial data leads to break of stability. The linear analysis does not give an answer for the rest of parameters. The analysis of nonlinear stability is much more complicated. In fact, we prove that in general, (except of a discrete number of resonant parameters) the motion is quasi-periodic and therefore stable in the Lyapunov sense up to the the third order terms in the respective normal form. In other words, we prove the necessary stability condition for the "stable" region. This "stable" region includes both cases of cyclonic (low pressure in the center of vortex) and anticyclonic (high pressure in the center of vortex) motions. Moreover, the cyclonic motion can be anticlockwise (normal low) or clockwise (anomalous low). If the parameter ω/l approaches to the very boundaries of linear unstable cyclonic region, the necessary condition for stability fails, and the resonant values appear in a large amount in the domain of anticlockwise motion. Also, the necessary condition for stability fails when the cyclonic values of parameters switch to the cyclonic values and vice versa. The anticyclonic domain contains many resonant values of the parameter, nevertheless, at other points the necessary condition for stability holds.
The problem considered seems artificial since the structure of real vortices in fluid is much more complicated than we discussed here. Indeed, as it is known from laboratory experiments and from observation of large atmospheric vortices like tropical cyclone [56] , the velocity has linear profile near the center of vortex. Moreover, as follows from experiments with 2D transverse compressible vortices, the swirl profile defines a vortex core that rotates almost as a rigid body and decays far from the center. This finding is generally consistent with profiles of incompressible vortices. However, the stability of vortex depends on the spatial decay rate for circular vortex in incompressible fluids (see ‡ The vortex patches exist in the 2D compressible media, too [18] modified Rayleigh criterion [26] ).
We performed a series of numerical experiments with initial data corresponding to elliptical deformation of exact axially symmetric stationary solution to 2D inviscid compressible Euler equations constructed in our previous work [50] . This solution has exponential spatial decay at infinity and was used for modeling a moving tropical cyclone in averaged 2D atmosphere.
In these numerical experiments we investigate the stability of cyclonic and anticyclonic vortices with spatially decaying "tails" and the relations with theoretical results on stability of the vortices having linear velocity profile. We show that for sufficiently small vorticity, the level lines of the pressure near the center of vortex are approximately elliptic. If the vorticity increases, the picture of level lines is similar to the azimuthal Kelvin-Helmholtz instability as observed by Chomaz et al., see [15] . If the vorticity increases further, the numerical solution demonstrates the formation of shock waves.
The paper is organized as follows. In Sec.1, we introduce a two-dimensional system of PDEs, which follows from compressible isentropic inviscid Euler equations after doing appropriate change of variables. In Sec.2, we introduce a special class of solutions for this system and obtain the system of ODEs governing its behavior. In Sec.3, we consider another class of solutions characterized by conservation of mass and energy and show that these solutions are governed by the same system of ODEs. Then we study the stability of the unique equilibrium of this system that refers to a circular steady vortex. In Sec.4, we analyze some simplification of the full system, where the system can be exactly integrated. In Sec.5, we consider the full system. The linearization at equilibrium gives us the instability domain, however, for the rest of parameters the matrix of linearization has three couples of pure imaginary complex conjugate eigenvalues. Therefore, the linear theory does not answer whether the equilibrium is stable or not. To study nonlinear stability, we use the theory of normal forms and apply the theorem about existence of almost periodic trajectories. Due to the difficulty of algebraic computations, we perform them by the computer algebra system MAPLE. The normal forms are analyzed up to the third order. This gives us a possibility to conclude that the system is unstable both near the boundaries of instability domain and near the points where the cyclonic motion changes to anticyclonic one. For the rest of points, may be except for some discrete values, the necessary condition for the stability holds. Moreover, up to the third order term in the normal form expansion, the sufficient condition for stability holds, too. In Sec.6, we present the results of numeric experiments for localized vortices having linear velocity near their center and spatially decaying at infinity. These experiments show that for sufficiently small vorticity the the results about stability for the special class of solutions with linear profile of velocity can catch the main stability features of real-shaped localized vortex. Moreover, we show analytically the reason why the domains of stability for the real-shaped localized vortex basically cannot coincide with the domain of stability for the vortex with linear profile of velocity for large values of vorticity. In Sec.7, we summarize our results.
Bidimensional models of rotating compressible medium
The two-dimensional system of motion of inviscous compressible medium on a rotating plane consists of three equations for density ̺(t, x), velocity U(t, x) and pressure p(t, x):
Here L = lL, L = 0 −1 1 0 , γ ∈ (1, 2) is the heat ratio, l > 0 is the Coriolis parameter. ∇ and div denote the gradient and divergence with respect to the space variables. (. · .) is the inner product. Under suitable boundary conditions, the system (1) -(3) implies conservation of mass, momentum and total energy. If we restrict ourselves to the barotropic case, where p = Cρ γ , C = const, then the system under consideration can be reduced to two equations (1), (2) .
In our previous papers [49] , [50] , we studied this model in the context of atmosphere dynamics. We started from the (primitive) three-dimensional system of equations for compressible rotating Newtonian polytropic gas [34] , [45] and apply the procedure of averaging over the height to obtain a two-dimensional system of equations (see [42] ). The vortices in this model were associated with typhoons. In this paper, we do not specify the two-dimensional compressible medium. The results can be applied to other model, nevertheless, our main interest is a possibility of existence of long living atmospherical vortices, therefore in numerical experiments we use the parameters related to the atmosphere.
It will be convenient for us to introduce a new variable Π = p γ−1 γ and reduce (1), (2) to
A class of exact solutions
Let us look for the solution of (4), (5) in the form
In fact, the solution is the first term of the Taylor series expansion at the point of minimum or maximum of pressure: the first and second term represent velocity and pressure respectively. In this way, we can keep a maximum possible members in this expansion to obtain an exact solution of (4) and (5). Thus, we get a closed ODE system for the components of the matrices Q and
The last equation is linear with respect to K, whereas the system of matrix equations (8), (9) consists of 7 nonlinear ODEs and has a very complicated behavior.
In fact, an analogous class of solutions was considered in [5] in another context (see also [59] ).
Solutions with a finite mass
System (8), (9) can also be applied to describe a behavior of a finite mass of compressible media in non-polytropic case (see [52] and references therein).
Let us recall briefly the derivation. For smooth solutions to (1)- (3), we consider the integrals of total mass M = R 2 ρdx and total energy E(t) = R 2 ρ|U| 2 ) 2
To guarantee the convergence of the integrals, we can assume that the density and pressure vanish as |x| → ∞ rather quickly, whereas the velocity components may even grow. For these solutions, the total mass and total energy are conserved. Further, we introduce the following functionals:
where
We note that for nontrivial solutions G(t) > 0 and
It can be readily checked by means of the Green's formula that for the classical solutions to (1)-(3) the following relations hold:
Moreover, for the velocity (6) we have
the potential energy E p (t) is connected with ∆(t) as follows:
Let us introduce new functions
For the elements of the matrix Q and G 1 , G 2 , G 3 we get the closed system of equations
. The system coincides with (8), (9) , where 2c 0 = K, A = G 2 , B = −2G 3 , C = G 1 . Nevertheless, in this case the conservation of the total energy E implies a supplementary first integral. Moreover, for γ = 2, the explicit form of F 1 and F 2 allows to obtain non-autonomous first integrals.
The case without non inertial forces
In the case l = 0, the problem about expanding a finite mass of gas in vacuum was studied extendedly in Lagrangian coordinates α = (α 1 , α 2 ), where x(α, t) = F (t)α, F (t) is a square matrix. Thus, U(x, t) =ẋ =Ḟ (t)F −1 (t)x and Q(t) =Ḟ(t)F −1 (t) following from (6) . In [43] , it was shown that the system of gas dynamics with linear profile of velocity for a polytropic gas in the n-dimensional space can be reduced to a system of n 2 ODE of the second order
where V is a constant matrix. The theory of these equations was developed in [20] , where first integrals correspond to the conservation of angular momentum, and the vorticity were found. After that, in [2] , the authors found a supplementary non-autonomous first integral that allow to prove the integrability of system (10) for n = 2 and γ = 2 for the shallow water case. Bogoyavlensky in [8] found several general properties of dynamics of ellipsoid with uniform deformation for n = 3. For example, he estimated the growth of the sum of squares of the main axis of the ellipsoid. In [3] , it was proved that the 3D gas ellipsoid is unstable and tends to shrink into a plane ellipse. This result was known before from numerical computations. The cases of integrability in three dimensional case were found by Gaffet [23] .
There exists a huge literature concerning the analogs of the problem for the incompressible liquid, the self-gravitating gas including the stability issue, and the Hamiltonian formulation of the problem for both incompressible and compressible cases. We refer to the book [8] and the recent review papers [11] , see also the references therein.
Axisymmetric case [49]
It is easy to see that system (8) , (9) has a closed submanifold of solutions with additional properties a = d, c = −b, A = C, B = 0. These solutions corresponds to the axisymmetric motion. Note that it is the most interesting case related to the vortex in atmosphere. Here we get a system of 3 ODEs:
The functions a, b, A correspond to one half of divergence, one half of vorticity and the fall or rise of pressure in the center of vortex respectively. The only nontrivial equilibrium point that relates to a vortex motion is
If A * > 0, then the center of vortex corresponds to a domain of low pressure (the motion is cyclonic). This implies b 
where C is a constant [49] . Thus, (11) can be reduced to the following system:
On the phase plane (A, a), there always exists a unique equilibrium (A * , a * ) = (A 0 , 0), stable in the Lyapunov sense (a center), where A 0 is a root of equation
Let us notice that if C = 0, we have a particular case of anticyclonic motion with a constant vorticity 2b = l. If A = 0, then (11) can be reduced to one Riccati equatioṅ
Remark 1 In [63] , [64] (see also [65] ) for the case of absence of a non-inertial force the authors construct construct a two-parameter family of self-similar non-steady solutions to the compressible two-dimensional Euler equations with axial symmetry. The equations can be reduced to two systems of ordinary differential equations. In the polytropic case, the system in autonomous form consists of four ordinary differential equations with a two-dimensional set of stationary points, one of which is degenerate up to order four. Through asymptotic analysis and computations of numerical solutions, the authors recognize a one-parameter family of exact solutions in explicit form corresponding to a vortex. All the solutions (exact or numerical) are globally bounded and continuous, have finite local energy and vorticity, and have well-defined initial and boundary values at time zero and spatial infinity respectively. Particle trajectories of some of these solutions are spiral-like. Near the center of vortex the velocity has a linear profile.
General case
As follows from [53] , the axisymmetric form of 2D vortex is exponentially stable with respect to asymmetric perturbations for the solution to the incompressible Euler equations. Indeed, the incompressibility condition implies a(t) + d(t) = 0 and this reduces the full system (8), (9) to (11) . As we have shown in Sec.4, the equilibrium in this case is stable for any b * and l. Nevertheless, in the compressible case this property does not hold for arbitrary values of parameters.
As one can check, the point
is the only equilibrium of the full system (8) . It is the same point of equilibrium (12) as in the axisymmetric case (11) . Nevertheless, in the symmetric case this equilibrium is always stable in the Lyapunov sense, whereas in the general case the situation is different. The direct computation shows that the following property holds.
Proposition 1
The system (8) has the first integral
This reduces (8), (9) to the system of 6 equations, equation for b(t) will be excluded. Let us notice that the case c = b − l is exceptional, since the constant in (14) is equal to zero and the relation between c and b is very simple. This case can be called the case of zero potential vorticity (e.g. [24] , pp. 237-241), i.e. ∇× (u, 0)+(0, 0, l) = 0.
Small c 0 expansion
The parameter c 0 is not singular, therefore the expansion can be bound by a standard way as series with respect to c 0 , converging for small c 0 [41] .
To find the first term Q 0 (t) in the expansion of Q(t) we notice that Q 0 (t) satisfies a matrix Riccati equationQ
This equation can be linearized (e.g. [46] ) and solved explicitly. Indeed, let us assume that det Q 0 = 0 and denote U = Q −1
0 . This matrix satisfies linear matrix equatioṅ
It has a general solution
. Thus,
with det
Remark 2 Analogously to Sec.(4), case A = 0, system (16) can be written as two separate equations for functions z 1 , z 2 : C → C.
Equation for the first term R 0 (t) in the expansion of R(t) is the following:
This is a homogeneous linear matrix equation with respect to R 0 . It can be readily shown that the elements of symmetric matrix R 0 (t), (R 0 ) ij (t), i, j = 1, 2, can be found in the form
where 9 unknown coefficients (A k ) ij , i, j = 1, 2, k = 0, 1, 2; (A k ) ij = (A k ) ji have to be determined by substitution to (18) .
Proposition 2 System (15) has two equilibria, both are stable in the Lyapunov sense:
They are separated by unstable manyfold
Proof. The functions
can be considered as Lyapunov functions for equilibria 1). It can be readily computed that 
proves the stability of the second equilibrium. Further, it is easy to check that if (19) holds, then the system can be reduced to one equationȧ = −a 2 − l 2 /4. Therefore a → −∞, d → −∞ for any initial data satisfying (19) .
Remark 3
The equilibria of system (15), (18) correspond to the equilibria (12) of full system (8), (9) only if A * = 0. The stability of equilibria of the zero approximation system does not imply stability of the equilibrium of full system. Moreover, for the full system these two equilibrium and unstable manyfold glue together. Thus, c 0 is a parameter of bifurcation for the system (8), (9).
Range of instability

Proposition 3 If
then the equilibrium of system (8), (9) is unstable.
Proof. The eigenvalues of matrix corresponding to the linearization at the equilibrium point of the system (8), (9) , (14) are the following: ) ≥ 0,
l . For others values of b * the eigenvalues λ 3,4,5,6 = ±α ± iβ, α = 0, β = 0, therefore there exist an eigenvalue with a positive real part. Thus, the Lyapunov theorem implies instability of the equilibrium for b
Remark 4 If the coordinate system is not rotating (l = 0), then the vortex is always cyclonic (the anticyclonic domain shrinks as l → 0). The equilibrium point is unstable in the Lyapunov sense both in axisymmertic and general case. Nevertheless, in the axisymmetric case the equilibrium has a type of stable/unstable node and is quasiasymptotically stable, whereas in general case the matrix of linearization has eigenvalues with nonzero real parts. Thus, we can see that the rotation has a stabilizing effect.
Range of possible stability
(anticyclonic case), then the matrix, corresponding to the system, linearized at the equilibrium, has 3 pairs of pure imaginary complex conjugate roots which can be written as ±i ω j , j = 1, 2, 3, ω j ∈ R. For the range of parameters under consideration (γ ∈ (1, 2)) the roots are simple, for γ > 3 + √ 2 the roots can be multiple. In the boundary cases b
l one of the pairs of pure imaginary complex conjugate roots is multiple.
The degenerate cases b * = 0 and b * = l, where A * = 0 were considered in Sec.(5.1), see Remark (3).
Semi-analytical method to prove stability: non-resonant frequencies
We are going to prove that in the general case of rationally independent frequencies almost all trajectories in ǫ-neighborhood of the equilibrium are quasi-periodic. This means that the equilibrium is "practically" stable in the Lyapunov sense. We apply a semi-analytical method based on the Bibikov theorem [7] (Theorem 15.5).
Let us consider systeṁ
where a constant matrix A has purely imaginary eigenvalues ±iω j , j = 1, . . . , m, n = 2m, the frequencies ω j are rationally independent. The vector-valued function P(X), which does not contain free and linear terms. The system can be written in diagonalized forṁ
Further, (21) is formally equivalent to its normal forṁ
where P k (yȳ) denotes a (formal) series in powers of products y 1ȳ1 , . . . , y mȳm without constant terms [9] . The normalizing transform has the form
where the series h k (y k ,ȳ k ) are also formal. Further, let us assume that the neutrality condition takes place:
where H k are series with real coefficients. Then system (22) has as integral surfaces invariant m-dimensional tori y kȳk = c k > 0, k = 1, ..., m, and possess quasi-periodic solutions. If the equivalence of systems (20) and (22) was not only formal, but analytical, then the invariant tori to system (22) would correspond to invariant tori to system (20) . Theorem 15.1 [7] implies that despite of divergence of normalizing transform (23), in some sense "most" of invariant tori to the system (22) correspond to invariant tori to system (20) . Namely, there exist ǫ > 0 and series h k (y,ȳ, ρ), ρ = yȳ, k = l, ..., n, converge in ǫ -neighborhood of the origin V ǫ for every ρ belonging to a measurable set M ǫ ∈ V ǫ , where lim ǫ→0
mes Mǫ mes Vǫ = 1, such that change of variables (23) reduces system (20) to (22), where H k are convergent for y ∈ mes V ǫ , for every ρ ∈ mes M ǫ and have real coefficients.
To apply the Bibikov theorem we have to reduce the system (8), (9), (14) to normal form.
Namely, we have to realize the following algorithm.
• The system (8), (9) , (14) has to be written in the form (21) at the equilibrium point
where indices ν take values ±1, ±2, ±3;λ ν = λ −ν andx ν = x −ν . Here x ν are new variables, λ ν and λ −ν correspond to the complex conjugate eigenvalues, coefficients a 
where ν = ∓1, ∓2, ∓3, q j ∈ Z, q ν ≥ −1, q j > 0, j = ν, q n ≥ 1. For our case condition (Λ, Q) = 0 means
If we restrict ourselves by the non-resonant case, where ω ν are rationally independent, we obtain q ν = q −ν , ν = 1, 2, 3. Thus, the series S( y,ȳ) contains infinitely many terms.
• According to the Bibikov theorem to prove that almost all trajectories in ǫ-neighborhood of the equilibrium
, B = 0 are quasi-periodic we have to show that S( y ) = iH(y 1 y −1 , y 2 y −2 , y 3 y −3 ), where H is a real valued vector-function. Thus, we have to check that the coefficients g νQ are pure imaginary.
All the steps are standard, however, the computations are very cumbersome, therefore, we are performing them by means of computer algebra packet.
Method of computing g νQ , truncated case.
In [58] , Ch.VIII, Sec.4, the author analyzes exists resonances and normal forms of analytic autonomous (not necessarily conservative) sixth-order systems with three pairs of distinct pure imaginary eigenvalues of the matrix of the linear part, as in our case. Provided the normal form (26) is truncated to terms of power not higher than three, there exist explicit formulae for calculation of coefficients of normalizing transformation and normal forms.
Namely, the truncated normal form (26) is
Method of computing g j i is the following [58] . (i) We denote the vector of solutions (A, B, C, a, c, d) T as Z and re-write the initial system (8) , (9), (14) as
where G is a matrix of linearization at the equlibrium, F (Z) is the nonlinear part.
(ii) We reduce G to its diagonalized form D by means of the non-degenerate matrix C, such that G = C −1 DC. The change of variables Y = CZ reduces (28) to
(iii) We expand the matrix CF (C −1 Y ) of nonlinear part to the Taylor series in the new variables at the equilibrium and find the coefficients of second order, a l and points 0 and 1, where the anticyclonic domain changes to cyclonic one. Therefore, the necessary condition for the stability does not hold for the full normal form (26) too, and the equilibrium is instable there. Thus, we check numerically that except of small neighborhood of these points the neutrality condition (24) holds for the truncated up to third terms normal form (27).
Resonant frequencies
It is interesting that all resonances up to order 3 are very close to the boundaries of Σ. Indeed, if the frequencies ω j , j = 1, 2, 3 are ordered as 0 < ω 1 < ω 2 < ω 3 , then the resonance values of b * can be found from equalities
It is easy to check that if The resonances of order n between frequencies ω 2 = |ℑλ j |, j = 3, 4 and ω 1 = |ℑλ k |, k = 1, 2 also have places in Σ + ∪ Σ − . For example, if γ = 2, then an explicit formula can be obtained:
→ 0 as n → ∞. The computations show that in the cyclonic domain Σ + for all γ ∈ (1, 2) at least first resonances are very close to the left boundary of the domain,
Conclusion on the nonlinear stability
Let us summarize our reasoning.
there exist domains Σ instable , containing points, corresponding to the values of parameter b * /l, where the equilibrium (13) is instable. In the domain Σ\Σ instable , except may be a discrete number of points, corresponding to the resonance frequencies, the sufficient condition for stability of the equilibrium holds "numerically" up to the term of third order.
Of course, we cannot call this statement a theorem, since the "numerical proof" is the computation in a finite number of points, how frequently they would be located.
In fact, our computations only give an argument in favor of stability on Σ stable . Fig.1 presents the positions of resonances up to third order (vertical lines) and the domain containing points, where the real part of coefficients g j i does not vanish for γ = 9/7 (this value of γ corresponds to the 2D model of atmosphere, averaged over the height [42] ). Direct numerical computation from the system (8), (9) , confirm our hypothesis on stability of equilibrium on Σ stable .
Of course, our results concern stability with respect to small perturbations and the basin of attraction can be very small. The initial data that fall into the basin of attraction of a stable equilibrium can be found only numerically except of the case b * = 0 and b * = l, where we obtained exact solution in Sec.5. (17), the trajectory will be periodic and therefore does not move away from the equilibrium for such initial data that det U(t) = 1 + l 2 (C 2 C 4 − C 1 C 3 ) + (C 2 + C 4 )l sin lt + (C 1 − C 3 )l cos lt = 0 for all t > 0. Thus, the initial data corresponding to the basin of attraction have to satisfy the following condition:
In particular, this condition implies that increasing of l at fixed parameters a 0 , b 0 , c 0 , d 0 stabilizes the motion. The case l = 0 ie exceptional. As follows from the results of Sec.4, in this case there is no nontrivial steady state solution an even the trivial equilibrium is unstable in the Lyapunov sense. Nevertheless, the oscillating regime can arise from elliptic perturbation of the axisymmetric state. Namely, as it was mentioned, in [2] it was shown that the system (10), an analog of (8), (9) for the case of the finite mass, is integrable for γ = 2. This value of γ corresponds to the shallow water equations. The formulae are very complicated and contain elliptic integrals, therefore it is hard to analyze them. Nevertheless, in [8] , Ch.7, Sec.3 it is shown qualitatively that in this problem there exists oscillations and their period is estimated.
Comparison with numerics: localized vortex
We studied stability of the vortex corresponding to a very specific class of solutions. In fact, real vortices have the linear profile of velocity only near its center (see the discussion in [49] ), therefore our results on the nonlinear stability or instability for the "toy" solution (6), (7) not obliged to hold for "realistic" solutions.
According [50] , [51] the steady solution to (4), (5) can be constructed as follows. Let us consider arbitrary smooth enough stream function Φ = Φ (x 1 2 + x 2 2 ). Then
and
(30) In [50] we choose the solution of such class with exponential decay for numerical computations in the context of big atmospherical vortices such as typhoons,i.e. this solution has the form
is case corresponds to Φ = −B 0 e
) .
Nevertheless, based on experimental data, the meteorologists use a piecewisecontinuous profile of tangential wind speed V (r) such as V (r) = const · r for r < R and V (r) = const · r − 5 8 for r > R, where R is the radius of the cyclone eye [60] , so we study the numerical solution for initial conditions with "natural" slower decay rate such as x , q > 0, § See also [32] in the context of the decay of vortex at infinity.
which gives a family of initial data :
They provide the steady solution for k = 1.
It is easy to check that both velocities (31) and (33) have a linear profile with b * = B 0 σ for those solutions close to the origin . Easy computations show that for the both classes of data (31), (32) and (33), (34), the pressure has maximum or minimum at infinity for the same values of parameters as for the case of the velocity with linear profile. That is, (32) and (34) have a maximum at the origin provided
at zero is positive. This means that a small domain of low pressure exists on a background of high pressure. If q → ∞, then s q → 2. The data with exponential decay (31), (32) correspond to a limit case, and the phenomenon takes place for B 0 σ/l = b * /l ∈ (1, 2). Thus, we can see that a stronger decay of initial data at infinity in some sense enlarges an "anomalous low" domain.
Let us analyze whether the range of parameter B 0 σ that guarantees stability of the localized vortex like (31), (32) (or (33), (34) ) can correspond to the respective range of stability of parameter b * . Basically, the answer is negative. Indeed, we have to compute the value of G x 1 (0) (see Sec.3) with
and estimate how far G x 1 (0) is from the value of A * (see (13) ). This requires the computation of improper integral with respect to x 1 and x 2 . The integral can be taken analytically in the exponential case (32) with γ = 2. It can be readily checked that here
. Thus, for sufficiently small values of B 0 , the values of A * and G x 1 (0) are close for any σ and c 0 . For large B 0 A * and G x 1 (0), their values are close only for some specific parameters. This analysis is approximate, since in the velocity profile is not linear for the localized vortex, considered in this section, nevertheless, it helps us to understand the phenomenon.
In the present paper, we studied numerically the deviation from the axial symmetry for stationary solution having exponential decay rate. Namely, we use initial data (31), (32) , with k = 1, where parameter k is a measure of deviation of velocity from the axial symmetry. Here, we take k = 1.5 and b * = B 0 σ. We used the same numerical method as in [50] . Namely, the computations were made by a modified Lax-Wendroff scheme, the method is second order accurate in both space and time variables [48] , [36] , [62] . The computations were performed on a (400 × 400) uniform grid with the space step ∆x = ∆y = 0.64 which corresponds to 12.8 km and the time step ∆t = 0.0005 which corresponds to 10 sec of the real time. We use the Neumann boundary condition set sufficiently far from the vortex domain. Nevertheless, it is possible to use more sophisticated non-reflecting boundary conditions (see [25] ) and introduce an artificial viscosity to damp the oscillations [47] .
The constants were chosen from the geophysical reasons, see [50] . Namely, the Coriolis parameter l = 7.3×10 
Remark 5
We can see that the process of transition to breakdown is very similar to the case of formation of four vortices of a smaller size. Our graphs are similar to azimuthal Kelvin-Helmholtz instability, known from experimental works, e.g. [15] .
Remark 6
The solution to the ODE system (8), (9) can blow up for certain initial data and the numerics confirms that this takes place in the instability domains. For the system (4), (5) the blow up means formation of infinite gradients of solution, e.g. the shock waves.
Remark 7 If we choose Φ as a smooth function with compact support, the initial data (29), (30) also have compact support. So, we can apply the stability theorem from [44] , Sec.2.3.3, which says that the stationary solution of the initial boundaryvalue problem with the Dirichlet boundary condition is stable with respect to the class of smooth perturbations. Therefore, if for some range of parameters the perturbed solution is unstable, then it does not keep smoothness for all t > 0.
Conclusion
We examine both theoretically and numerically the nonlinear stability of axisymmetric vortex in a compressible media. As in our previous works [49] , [50] , we consider two dimensional barotropic model obtained by averaging over the height of the primitive system of equations of the atmosphere dynamics. The resulting model is the 2D model of compressible barotropic rotating non-viscous medium. It can be used not only for studying the vortex process in atmosphere, but also in plasma, etc. In contrast to other models, where first the additional physically reasonable simplifications are made, we deal with special classes of solutions of the full system. This allows us to catch the complicated features of the full model.
We study how rotation of the coordinate frame and compressibility affect the stability of vortex. It is known that the axisymmetric form of vortex is stable with respect to asymmetric elliptical perturbations for the solutions of the incompressible Euler equations in a fixed coordinate frame (see [53] and references therein). Both linear analysis and computations show that a compressible vortex in a similar situation is basically instable [12] . We show that the situation is quite different for the compressible vortex in a rotating coordinate frame. Namely, the stability can take place only for a narrow range of parameters characterized by the rotation of vortex with respect to the Coriolis parameter. We prove that the motion is unstable if the parameter b * /l, characterizing the relations between the vorticity and the Coriolis parameter, lies outside the segment [(1 − √ 2)/2, (1 + √ 2)/2]. Using the analytical-numerical method, we checked that the motion is unstable in a small neighborhood of boundary points (1 − √ 2)/2, (1 − √ 2)/2, as well as in a small neighborhood of the points 0 and 1, where the cyclonic motion changes to the anticyclonic one. For points of the segment [(1 − √ 2)/2, (1 + √ 2)/2], up to the third order terms in the expansion of the normal form at the point of equilibrium, we checked numerically the sufficient condition of the stability.
In particular, the results imply that a rotation can stabilize the vortex. Similar results were obtained in [37] , where the authors conclude that the rotation prevents blow up in a hydrodynamical model. Furthermore, we study that the localized vortex with a linear profile of velocity near its center numerically. We conclude that for sufficiently small values of vorticity the range of parameters guaranteing stability approximately corresponds to the range of parameters guaranteing stability of the vortex with a linear profile. The reason for the phenomenon is explained analytically.
As it was mentioned, in [49] , [50] we used the class of solutions with the properties of linear profile velocity to predict the trajectories of large geophysical vortices such as tropical cyclones. As it follows from [50] , [51] , the trajectory of localized vortex is not that far from the trajectory of vortex with a linear profile of velocity, if the divergence of velocity in this localized vortex is small in some sense. Thus, in the stable cases, we can compute the trajectory of vortices without much distortion even when the axial symmetry is breaking.
